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Abstract
If a graph has girth at least seven and half its vertices have degree at least k, then it contains
all trees of size k. c© 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
The celebrated Erd}os{Sos conjecture [4] states that every graph with average degree
more than k − 1 contains all trees of size k. The following similar conjecture, inspired
by a conjecture of Martin Loebl, replaces the average degree above by the median
degree.
Conjecture 1 (Komlos{Sos [2]). Let k 2 N. If at least half the vertices of a graph G
have degree at least k, then G contains as subgraphs all trees of size k.
Approximate versions of both conjectures were proved by Ajtai et al. [1] using
the Regularity Lemma. The exact version of the Erd}os{Sos conjecture was proved by
Brandt and Dobson [3] for graphs with girth at least ve. In this paper, we prove a
similar result for the Komlos{Sos conjecture.
Theorem 1. Let k; n 2 N; and let G be a graph with n vertices and girth at least
seven. If the median degree of G is at least k; that is;
#fv: deg(v)>kg>n=2; (1)
then G contains as subgraphs all trees with k edges.
The proof is based on two auxiliary theorems of independent interest (Theorems 3
and 5 in Section 2).
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1.1. Notation
Write V (G) and E(G) for the vertex and edge sets of the graph G. The order of
G is v(G) = jV (G)j, and the size of G is e(G) = jE(G)j. For a graph G and a subset
U of its vertices, G[U ] is the restriction of G to U (i.e. the subgraph induced by
U ). Write N (v) for the set of neighbours of v2V (hence jN (v)j= deg(v) = degG(v),
the degree of v (in G)), and (G); (G), and t(G) for the minimum, maximum, and
average degrees in G. We use 2(G) for the second largest degree in G (that is, if
the degrees in G are d1>   >dn, then 2(G)=d2). The median degree, (G), of G
is the largest integer k such that at least half the vertices of G have degrees at least
k. The length of a path is its size (number of edges). The leaves of a tree are the
vertices of degree 1 (or 0), and the skeleton of the tree is obtained by the deletion of
all leaves.
2. The tools
In [3], Brandt and Dobson prove the following stronger proposition.
Theorem 2 (Brandt{Dobson [3]). Let G be a graph with girth at least ve; and let
T be a tree with k edges. If (G)>k=2 and (G)>(T ); then T is a subgraph of G.
This is a somewhat stronger version of the case t=2 of the following conjecture of
Dobson (see [3]).
Conjecture 2 (Dobson). Let t 2 N, let G be a graph with girth at least 2t+1, and let
T be a tree with k edges. If (G)>k=t and (G)>(T ), then T is a subgraph of G.
The case t = 1 of this conjecture is trivial (via the greedy algorithm), and it is
announced in [3] that Sacle and Wozniak settled the case t = 3 (unpublished).
Our main tool is a somewhat stronger version of the Dobson conjecture for
t = 3 [5].
Theorem 3. Let G be a graph with girth at least seven and let T be a tree with k
edges. If (G)>k=3; (G)>(T ); and (G)>2(T ); then T is a subgraph of G.
The following easy fact is well known.
Fact 4. Every non-empty graph G has a subgraph H with (H)> 12 t(G) and
t(H)>t(G).
Our second tool is a similar subgraph lemma for median degrees. It provides for
each graph G a subgraph H with t(H)>(2=3)(G). While this is a special case of a
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general subgraph principle for quantiles of graphs [6], we provide a proof here for the
sake of completeness.
Theorem 5. Let k; n2N; and let G be a graph with n vertices satisfying (1) (that is;
(G)>k). Then G contains a subgraph H with t(H)> 23k and (H)>
1
3k.
Proof. Let us write q= 23k; L=fx 2 V (G): deg(x)>kg; S=V (G)nL, and w=t(G[L]).
It is sucient to nd a subgraph H ′ G with t(H ′)>q, for then, by Fact 4, the graph
H ′ contains the required H .
If w>q we are done (choose H ′ = G[L]). If w<q, let H ′ = G. Then
t(H ′) = t(G) =
2
n
e(G)>
2
n
(jLjk − e(G[L]))
=
jLj
n
(2k − w)> jLj
n
(2k − q)>q:
We will also use the following two simple lemmas on bipartite graphs.
Lemma 6. Let H be a graph with (H)>`; and let S be an independent set of
vertices in H . Then; either H has a path of length ` with both endpoints outside S
or H is bipartite with one color-class S.
Note that when ` is even, we always have a path as in the lemma.
Proof. We use induction from `− 2 to `. The claim is trivial for `= 1; 2. Let `> 2,
write L=V (H)nS, and assume that H has an edge with both endpoints in L. Let P be
a path of length `−2 with endpoints a and b; a; b 2 L. If either a or b has a neighbor
in S not belonging to P, we are done. Otherwise, choose any neighbor of a outside P,
add it to P, and then do the same for b.
Lemma 7. Let H be a bipartite graph with color classes A and B. Let us write
t = t(H); A =maxfdeg(x): x 2 Ag; and B =maxfdeg(x): x 2 Bg. Then
1
A
+
1
B
6
2
t
:
The lemma is an easy consequence of the inequalities e(H)6jAjA and e(H)6jBjB.
3. Proof of Theorem 1
Let G be as in Theorem 1, and assume that G is minimal with respect to (1) (that
is, no proper subgraph of G satises (1)). Write L = fv 2 V (G): deg(v)>kg (`large
vertices') and S = V (G)nL (`small vertices'). The minimality of G implies that S is
an independent set in G, and if deg(x)>k then N (x)L. Apply Theorem 5 to get a
subgraph H with t(H)>2k=3 and (H)>k=3.
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We will split the proof into three cases. The rst two are about trees with many
leaves, and for these two types of trees the girth condition for G is not needed.
Case I (one very large degree): (T )> 2k=3.
Let x be the vertex of T with degree more than 2k=3, and let us write L′=V (H)\L
and S ′=V (H)\ S. We map x to an arbitrary vertex of L′, and then embed the rest of
T into G in three stages. First we use a greedy algorithm to embed the skeleton of T
into H , then we embed (still into H) all leaves adjacent to vertices already embedded
into S ′, and nally, we embed into G all leaves adjacent to vertices embedded into L′.
To see that it is possible to embed the skeleton, note that T has at least (T ) leaves
and thus the skeleton has at most k + 1− (T )6(H) + 1 vertices.
To embed the leaves adjacent to vertices embedded in S ′ is also possible, since T
has (T ) branches from x, and (at this stage of the algorithm) at least one vertex
per branch is not embedded into L′, namely a vertex that was embedded into S ′, or,
lacking such a vertex, a leaf adjacent to a vertex of the skeleton that ended up in L′.
Hence, when embedding a leaf into L′ from a vertex in S ′, the number of unavailable
neighbors (in L′) is at most (k + 1)− (T )− 1<(H).
Finally, the last stage is clearly possible, since degG(v)>k for all v 2 L′.
Case II (two large degrees): (T )62k=3 but 2(T )> d(k + 1)=3e.
Let x and y be the two vertices of T with degrees over k=3, and let ` be their
distance. Note that `6k − 2(2(T )− 1)6k − 2d(k +1)=3e< d(k +1)=3e6(H). If `
is odd then we will assume that the number of vertices at an odd distance from y (in
T ) is at most k=2 (otherwise exchange the roles of x and y).
We start by embedding the `-path joining x and y. Then, as above, we embed the
rest of the skeleton of T , then all leaves originating from vertices already embedded
into S ′ except the leaves originating at x and y, and nally we embed into G all
leaves originating at vertices embedded into L′ as well as from x and y. What may
need further justication (beyond that in Case I) is the embedding of the x{y path and
the embedding of the leaves from x and y.
Subcase IIa: H has an edge in L′. By Lemma 6, H contains a path of length ` with
both endpoints in L′. Here the previous proof still applies.
Subcase IIb: H is bipartite with color-classes L′ and S ′. If ` is even, we can still
nd a path of length ` with both endpoints in L′. If ` is odd, then H only contains
paths of length ` with one endpoints in L′ and the other one in S ′.
According to the remark at the beginning of this section, L′6k (in fact x 2 L′
implies degH (x)6degG(x)6k), and since t(H)>2k=3, Lemma 7 provides the existence
of a vertex y02S ′ with degH (y0)>k=2.
Now, we embed y to y0 and then embed (into H) the rest of the x{y path. This is
followed, as before, by greedily embedding the whole skeleton of T , and then all leaves
originating from vertices already embedded into S ′ except the leaves from y itself. Then
we embed (still into H) the leaves originating at y, here using degH (y)>k=2. We again
nish by embedding into G all leaves adjacent to vertices embedded into L′.
Case III. (T )62k=3 and 2(T )6d(k + 1)=3e.
Since 2(T )6(H), the claim follows from Theorem 3 applied to H .
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